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Abstract

Unmeasured spatial confounding is a major obstacle to causal inference with spatial data,
particularly in environmental and public health applications where both exposures and
outcomes may be influenced by complex spatial processes. We introduce a spatial covari-
ate balancing propensity score (spatial CBPS) that adapts modern design-based balancing
weight methods to settings with latent spatial confounding. The method approximates un-
observed spatial confounders using low-rank spatial basis functions and estimates propen-
sity scores through a covariate balancing objective function, prioritizing balance in spatial
structure rather than likelihood-based model fit. This yields inverse probability weights
with improved finite sample behavior and straightforward diagnostics, and remains com-
patible with doubly robust estimators. We develop practical inference procedures under
spatial dependence using spatial HAC and block bootstrap variance estimators, and demon-
strate in simulations that spatial CBPS substantially outperforms likelihood-based spatial
propensity score methods across a range of confounding regimes. Finally, we analyze the
effect of proximity to concentrated animal feeding operations on nitrate concentrations in
Iowa private wells. Although estimated effects are not statistically significant, point esti-
mates differ substantially between likelihood-based spatial propensity score methods and
spatial CBPS, suggesting that explicitly balancing spatial structure provides more reliable
adjustment for spatial confounding.

1 Introduction

A central challenge in estimating causal effects from spatial data is the threat of unmeasured
spatial confounding, in which latent, spatially-structured variables affect both an exposure and
outcome of interest. Without properly accounting for the unmeasured confounders, standard
ignorability assumptions fail and causal identification is generally no longer possible (Gilbert
et al. 2024). This problem is especially pronounced in environmental settings where common
spatial exposures, such as air and water pollution or extreme heat exposure, arise from complex
geophysical processes that are hard to fully observe (Papadogeorgou et al. 2019, Tec et al. 2023).
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To address this problem, a growing literature has focused on using spatial proximity as a
surrogate for latent spatial confounding (Paciorek 2010). Informally, when the confounding
process is assumed to be sufficiently smooth in space, residual spatial structure in the observed
exposure or outcome variable may serve as a proxy for the unmeasured confounder, allowing
certain estimators to adjust for the corresponding confounding bias. To date, this literature
has largely emphasized model-based approaches for confounding adjustment, typically in settings
with continuous exposure and outcome variables (Thaden & Kneib 2018, Schnell & Papado-
georgou 2020, Dupont et al. 2022, Guan et al. 2022, Marques et al. 2023, Dupont et al. 2025,
Rainey & Keller 2025, Datta & Stein 2025, Lamouroux et al. 2025). This emphasis reflects both
the long-standing role of the spatial linear mixed model in spatial and environmental statistics
(Banerjee et al. 2015, Cressie & Wikle 2011) and close connections to work on fixed effect es-
timation in settings with collinearity between observed covariates and spatial random effects
(Hodges & Reich 2010, Hanks et al. 2015, Khan & Calder 2022, Zimmerman & Ver Hoef 2022).

In contrast, design-based approaches for confounding adjustment have received comparatively
little attention in the spatial confounding literature (Papadogeorgou et al. 2019). This gap is
surprising given the central role of design-based methods, such as propensity score matching
and weighting, in modern causal inference (Zubizarreta et al. 2023). These approaches seek
to mitigate confounding by constructing pseudo-populations of exposed and unexposed units
with similar distributions of confounders prior to any outcome analysis, thereby reducing the
reliance on correct outcome model specification and enabling transparent diagnostics of key
identifying assumptions, such as covariate balance and treatment-control overlap.

In this paper, we introduce covariate balancing propensity score methods to the spatial
confounding setting. We propose a spatially informed covariate balancing propensity score
(spatial CBPS) that directly targets unmeasured confounding in settings with spatially indexed
data. The approach leverages the natural correspondence between basis function represen-
tations of latent spatial processes (Cressie et al. 2022) and the moment conditions defining
modern balancing weight methods (Chattopadhyay et al. 2020). When unmeasured confound-
ing arises from a smooth, low-frequency spatial process, enforcing balance on a suitably chosen
set of spatial basis functions induces approximate balance in the unobserved confounder itself.
This yields a flexible, design-based analogue to common model-based adjustment strategies,
while accommodating a wide range of outcome types (binary, continuous, counts) and spatial
support, including both point-referenced and areal data.

We show that this perspective leads to weighting estimators of the average treatment ef-
fect with substantially improved finite sample performance relative to likelihood-based spatial
propensity score models, while remaining fully compatible with popular doubly robust es-
timators. When combined with low-rank spatial basis representations of the unmeasured
confounder, estimating the proposed spatial CBPS is computationally efficient. Furthermore,
in settings with spatial dependence, uncertainty can be quantified using either spatial het-
eroskedasticity and autocovariance (HAC) (Kelejian & Prucha 2007) or spatial block bootstrap
(Lahiri 2003) variance estimators. To facilitate ease of use, we provide an accompanying R pack-
age, spbalance, which implements the spatial CBPS approach for use with several common
spatial basis functions.
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Figure 1: Map of private wells in Iowa that were tested between 2020–2022, showing
(a) treatment exposure, with red indicating that the well was in close proximity (within 3
km) of a CAFO, and (b) the max total nitrate concentration recorded at that location. For
improved visualization, the outcome data are binned into five categories, but the analysis
uses continuous values.

To illustrate the practical value of a design-based approach to spatial confounding adjust-
ment, we study the effect of concentrated animal feeding operations (CAFOs) on groundwater
quality in Iowa. Iowa has experienced substantial growth and consolidation in livestock pro-
duction over the past several decades, with hog production in particular driving the increase
in CAFOs (Jones et al. 2019). The increase in CAFOs has been met with growing concern over
their environmental and health impacts, and they have been associated with an increased risk
of respiratory disease, infection, and waterborne illness (Son et al. 2024) as well as poor air
(Burns et al. 2023, Epps et al. 2025) and water quality (Jones et al. 2019, Wheeler et al. 2015).
Of particular concern is the risk of groundwater contamination from the application of ma-
nure from CAFOs as fertilizer in the surrounding region. In particular, presence or absence of
CAFOs has been identified as an important predictor of elevated total nitrate levels in private
wells in Iowa (Wheeler et al. 2015). At the same time, elevated nitrate in drinking water is a
longstanding public health concern (Ward et al. 2018), and both CAFO siting decisions and
groundwater vulnerability are shaped by complex, spatially structured processes that are only
partially observed. These features make the setting a natural candidate for spatial confounding:
proximity to CAFOs is not randomized across the landscape, and important determinants of
both exposure and well water nitrate may vary smoothly over space.

A primary objective of this article is to employ our spatial CBPS estimator to investigate
whether CAFO proximity has a detrimental effect on max total nitrate concentrations in ground-
water found in private wells in Iowa. Using well water data obtained from the Iowa Private Well
Forecasting System (Iowa DNR 2025b) and spatial data on active feeding operations from the
Iowa DNR (Iowa DNR 2025a), we define exposure based on whether a CAFO operates within
close proximity (3 km) of a tested well; CAFO exposure and the corresponding outcome of inter-
est are depicted in Figure 1. Our analysis does not find evidence that close proximity to CAFOs
has a statistically significant effect on well water nitrate concentration, however, the analysis

3



highlights that conclusions about environmental health impacts can depend meaningfully on
how propensity score methods adjust for spatial confounding.

The remainder of the paper is structured as follows. Section 2 introduces the causal frame-
work and formalizes spatial confounding assumptions. Section 3 develops the spatial CBPS
estimator, provides a bias decomposition that clarifies its advantages over likelihood-based
spatial propensity score models, and outlines inference under spatial dependence using spatial
HAC and block bootstrap variance estimators. Section 4 presents a simulation study comparing
spatial CBPS with alternative approaches across multiple spatial confounding regimes. Sec-
tion 5 applies the proposed methods to estimate the effect of CAFO proximity on nitrate levels
in Iowa private wells. Finally, Section 6 concludes with a discussion of practical guidelines,
limitations, and extensions of the proposed spatial covariate balancing propensity score.

2 Causal Framework and Spatial Confounding

2.1 Notation, Assumptions, and Estimand of Interest

Let 𝒟 ⊂ R2 denote the spatial domain of interest. We will assume throughout that the data are
point-referenced (i.e., 𝒟 is a continuous domain), however it is straightforward to extend our
methodology to areal settings. Suppose we observe data at locations 𝐷𝑛 = {𝑠1 , . . . , 𝑠𝑛} ⊂ 𝒟,
where 𝑛 = |𝐷𝑛| may increase with the study size; for notational simplicity we suppress any
explicit dependence of 𝐷𝑛 on 𝑛 beyond its cardinality. For each 𝑠 ∈ 𝐷𝑛 , we observe 𝑍𝑠 =

(𝑌𝑠 , 𝐴𝑠 , L𝑠). The components of𝑍𝑠 include an observed outcome,𝑌𝑠 , a binary exposure variable,
𝐴𝑠 , and a set of covariates, L𝑠 , which we assume (for now) to be completely observed. In our
example, these correspond to well water nitrate concentration, CAFO presence or absence, and
observed well and watershed-level covariates (e.g., well depth, soil characteristics, land use
summaries, climatological features, etc.), respectively.

We assume that each location 𝑠 has two potential outcomes (Neyman 1923, Rubin 1974),𝑌𝑠(0)
and𝑌𝑠(1), representing the outcomes that would be observed at location 𝑠 under exposure levels
𝐴𝑠 = 0 and 𝐴𝑠 = 1, respectively. Implicit in this notation is the assumption of no interference,
which requires that a location’s potential outcomes depend only on its own exposure level
and not on the exposures at other spatial locations, and that there are no hidden versions of
treatment (i.e., the potential outcome 𝑌𝑠(𝑎) is unambiguously defined for 𝑎 = 0 and 𝑎 = 1).
These conditions are commonly referred to as the Stable Unit Treatment Value Assumption
(SUTVA, Rubin 1980):

Assumption 1 (SUTVA). For each spatial location 𝑠 ∈ 𝒟, (i) 𝑌𝑠(𝑎) depends only on local treatment
assignment (no interference); and (ii) there are no hidden versions of treatment.

Whether SUTVA is plausible must be carefully evaluated in spatial settings (Reich et al. 2021)
— notably, it rules out the possibility of spatial interference, in which the outcome at a spatial
location 𝑠 is affected by exposures assigned to nearby locations. In environmental applications
this assumption may be more or less plausible depending on the physical mechanism of
exposure; see Section 6 for a discussion of settings where SUTVA may fail and how it may be
relaxed. For now, we assume SUTVA to hold and define causal estimands via contrasts of the
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potential outcomes 𝑌𝑠(0) and 𝑌𝑠(1). In particular, we focus our attention on the estimation of
the average treatment effect (ATE),

𝜏 = 𝐸
[
𝑌𝑠(1) − 𝑌𝑠(0)

]
. (1)

In our motivating example, the ATE quantifies the average change in groundwater nitrate
concentration that would be observed in private wells in Iowa if, counterfactually, each well
location in the study region were exposed to a CAFO (𝐴𝑠 = 1) versus not exposed (𝐴𝑠 = 0),
marginalizing over the distribution of locations (and associated covariates) in 𝒟.

Because only one potential outcome is ever observed for any unit in 𝐷𝑛 , estimating the
ATE (or any other functional of the distributions of the potential outcomes) from the observed
data requires additional assumptions beyond SUTVA. Specifically, we assume consistency,
conditional ignorability, and positivity.

Assumption 2 (Causal Identification). For each spatial location 𝑠 ∈ 𝒟, we assume

(a) Consistency: 𝑌𝑠 = 𝑌𝑠(𝑎) if 𝐴𝑠 = 𝑎.

(b) Conditional Ignorability: {𝑌𝑠(0), 𝑌𝑠(1)} ⊥⊥ 𝐴𝑠
�� L𝑠 .

(c) Positivity: There exists 𝜀 > 0 such that

𝜀 < 𝑃(𝐴𝑠 = 1 | L𝑠 = ℓ) < 1 − 𝜀,

for all ℓ in the support of L𝑠 .

Consistency states that the outcome observed at location 𝑠 is equal to the potential outcome
corresponding to the location’s observed exposure level, and is a direct consequence of SUTVA.
Conditional ignorability, also commonly referred to as exchangeability or the assumption of no
unmeasured confounding, states that treatment assignment is essentially randomized within
covariate strata. In our observational setting, this means that L𝑠 contains all potential con-
founding variables which impact both the exposure level and outcome at location 𝑠, and that
conditional on these measured confounders, the exposure variable is essentially randomized in
the sense that it is independent of the distribution of potential outcomes. Finally, the positivity
assumption states that each location in our study has some positive probability of receiving
either exposure level. Assumption 2 allows the ATE to be nonparametrically identified from the
observed data, and a variety of methods have been developed to estimate the ATE in standard
(i.e., non-spatial) settings (Imbens & Rubin 2015).

2.2 Unmeasured Spatial Confounding

In settings with complex spatially varying exposures the conditional exchangeability assump-
tion can be difficulty to justify. Instead, a more realistic characterization of confounding is
given by

{𝑌𝑠(0), 𝑌𝑠(1)} ⊥⊥ 𝐴𝑠
�� L𝑠 = (X𝑠 , 𝑈𝑠), (2)
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where X𝑠 and𝑈𝑠 denote observed and unobserved covariates, respectively. If Assumption 2(b)
fails when 𝑈𝑠 is omitted, we say that 𝑈𝑠 is an unmeasured confounder. When this occurs, it is
generally impossible to estimate causal effects without additional assumptions on the structure
of𝑈𝑠 (Gilbert et al. 2024).

However, in many settings with spatially-varying exposures it may be reasonable to assume
that the unmeasured confounder varies smoothly in space. This assumption offers a distinct
advantage — if 𝑈𝑠 is suitably smooth relative to 𝐴𝑠 , the unmeasured confounder may be
approximated as a smooth function of space. Following the approach of Gilbert et al. (2024),
this idea can be formalized as follows.

Assumption 3 (Spatial Confounding). For all 𝑠 ∈ 𝒟, we assume

(a) Latent spatial confounding: 𝑈𝑠 = 𝑓 (𝑠) for some fixed, measurable function 𝑓 : 𝒟 → R.

(b) No induced confounding: {𝑌𝑠(0), 𝑌𝑠(1)} ⊥⊥ 𝐴𝑠
�� X𝑠 , 𝑈𝑠 , 𝑠.

(c) Spatial positivity: There exist constants 𝜀 > 0 such that

𝜀 < 𝑃(𝐴𝑠 = 1 | X𝑠 = x) < 1 − 𝜀,

for all x in the support of X𝑠 and all 𝑠 ∈ 𝒟.

Assumption 3 states that (a) unmeasured confounding arises through a spatially structured
latent process that can be represented as a deterministic function of space, (b) conditioning on
spatial location 𝑠 in addition to L𝑠 = (X𝑠 , 𝑈𝑠) does not induce unwanted confounding, and (c)
treatment assignment exhibits sufficient variation across space, in the sense that the spatially
varying conditional probability of treatment is uniformly bounded away from zero and one at
all spatial locations in 𝒟. In practice, positivity is required to hold at spatial scales over which
the latent confounder 𝑓 (𝑠) may be regarded as approximately constant. This mirrors previous
assertions in the spatial confounding literature that the exposure varies at a smaller spatial
scale than the unmeasured confounder (Paciorek 2010, Schnell & Papadogeorgou 2020, Gilbert
et al. 2024, Khan & Berrett 2024).

Together, Assumptions 1–3 imply causal identifiability in settings with spatial confound-
ing (Gilbert et al. 2024), and suggest a general approach for estimating the ATE: adjust for
confounding bias using spatial location, 𝑠, as a proxy for𝑈𝑠 .

2.3 Design-Based Inference with Spatial Confounding

While much of the spatial confounding literature has focused on continuous exposures, a
smaller body of work has developed estimators for binary treatments that leverage spatial
proximity to mitigate unmeasured confounding. Perhaps the most straightforward approach
is to specify an outcome model, 𝜇𝑠(𝑎, x) := 𝐸[𝑌𝑠 | 𝐴𝑠 = 𝑎,X𝑠 = x], that includes a flexible
spatial effect term (e.g., a spatial random effect or penalized spline), with the goal of absorbing
residual spatial variation attributable to𝑈𝑠 (Reich et al. 2021). If the outcome model is correctly
specified, estimation can proceed by marginalizing over the distribution of confounders (i.e.,
g-computation, Robins 1986). One drawback to this approach is that it relies heavily on the
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outcome model being correctly specified, which may be challenging when the number of
confounding variables is large.

In contrast, design-based estimators, such as weighting and matching methods, are often
appealing because they separate the “design” stage (constructing comparable exposed and
unexposed groups) from the analysis stage, limiting the risk of model misspecification and
yielding transparent diagnostics of covariate balance and overlap. Central to this work is the
propensity score, 𝑒(ℓ) = 𝑃(𝐴𝑠 = 1 | L𝑠 = ℓ), defined as the conditional probability of treat-
ment given confounding variables L𝑠 . First introduced by Rosenbaum & Rubin (1983), the
propensity score’s utility can be best understood via its balancing score property: the condi-
tional ignorability assumption 2(b) holds when conditioning on the propensity score in place
of the full set of confounders. In other words, the conditional probability of treatment given
confounders contains sufficient information to perform confounding adjustment, a property
which is especially useful when the dimension of L𝑠 grows large.

The propensity score has been adapted to the spatial confounding setting in several ways.
Papadogeorgou et al. (2019) define a distance adjusted propensity score matching algorithm
to estimate the average treatment effect on the treated (ATT), in which the propensity score
is estimated conditional on the observed covariates X𝑠 and 1:1 caliper matching is used to
find treatment-control pairs that jointly prioritizes units with similar propensity score values
and spatial proximity to each other. However, this approach suffers from common matching
estimator drawbacks: it can be challenging to extend to general causal estimands and may
prove inefficient if observations are discarded.

An alternative class of design-based estimators relies on inverse probability weighting
(IPW), in which units are reweighted by the inverse of their estimated propensity score to
construct a pseudo-population in which treatment assignment is independent of observed
confounders. The standard IPW estimator is given as

𝜏̂𝐼𝑃𝑊 =
1
𝑤1

∑
𝑠∈𝐷𝑛

𝐴𝑠𝑌𝑠

𝑒(L𝑠)
− 1
𝑤0

∑
𝑠∈𝐷𝑛

(1 − 𝐴𝑠)𝑌𝑠
1 − 𝑒(L𝑠)

, (3)

where 𝑒𝑠(L𝑠) is the estimated propensity score. The weighted sums in (3) estimate 𝐸[𝑌𝑠(1)]
and 𝐸[𝑌𝑠(0)], respectively, with weights proportional to the inverse probability of treatment.
When 𝑤1 = 𝑤0 := 𝑛, (3) corresponds to the Horvitz–Thompson (HT) estimator, while choosing
𝑤1 =

∑
𝑠 𝐴𝑠/𝑒(L𝑠) and 𝑤0 =

∑
𝑠(1 − 𝐴𝑠)/(1 − 𝑒(L𝑠)) yields the Hájek estimator, reflecting their

connection to estimators from the survey sampling literature (Horvitz & Thompson 1952, Hájek
1971). Under correct specification of the propensity score, the IPW estimator is consistent for
the ATE (Lunceford & Davidian 2004).

Despite its conceptual simplicity, the performance of the IPW estimator depends on the
quality of the propensity score model and can be sensitive to extreme weights in finite samples
(Kang & Schafer 2007). To address these limitations, doubly robust estimators, such as the aug-
mented IPW (AIPW) estimator, jointly utilize propensity score and outcome regression models
to construct efficient estimators of the ATE that are less susceptible to model misspecification
(Robins et al. 1994). For example, the AIPW estimator can be viewed as an IPW estimator
with an additional outcome regression adjustment term, 𝜇(𝑎, ℓ), that corrects for potential
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misspecification of the propensity score model. The AIPW estimator is given by

𝜏̂𝐴𝐼𝑃𝑊 =
1
𝑛

∑
𝑠∈𝐷𝑛

[
𝐴𝑠𝑌𝑠

𝑒(L𝑠)
− 𝐴𝑠 − 𝑒(L𝑠)

𝑒(L𝑠)
𝜇̂(1, L𝑠)

]
− 1
𝑛

∑
𝑠∈𝐷𝑛

[
(1 − 𝐴𝑠)𝑌𝑠
1 − 𝑒(L𝑠)

+ 𝐴𝑠 − 𝑒(L𝑠)
1 − 𝑒(L𝑠)

𝜇̂(0, L𝑠)
]
, (4)

and is consistent if either the propensity score or outcome regression is correctly specified
(Lunceford & Davidian 2004).

IPW and AIPW estimators have been used in the spatial confounding setting with vary-
ing success. Perhaps the simplest approach is to model the propensity score with a spatial
generalized linear mixed model (GLMM) or generalized additive model (GAM), e.g.,

𝐴𝑠 | X𝑠 = x ∼ Bernoulli
(
𝑒(x, 𝑠)

)
, 𝑙

(
𝑒(x, 𝑠)

)
= x⊺β + 𝑓 (𝑠), (5)

where 𝑙 is a suitable link function (e.g., logit) and 𝑓 (𝑠) is modeled as a spatial random effect
or penalized spline. For example, Davis et al. (2019) and Reich et al. (2021) consider AIPW
estimators where the propensity score model includes a spatial random effect that is assigned
an intrinsic conditional autoregressive (ICAR) prior. Ideally, the spatial propensity score model
results in a consistent estimator of the true probability of treatment (conditional on observed and
unobserved confounders), and the advantages of the IPW and AIPW estimators are retained.
Davis et al. (2019) show that ignoring latent dependence in the propensity score model can lead
to substantial bias in the AIPW estimates, particularly when outcome models are misspecified,
while Cohn (2024) shows that the valuable semiparametric properties of AIPW estimators
(namely, double robustness and semiparametric efficiency) are retained when the observed
spatial data are weakly dependent.

However, while IPW and AIPW estimators offer attractive theoretical guarantees under cor-
rect specification of the propensity score model, their practical performance in spatial settings
remains sensitive to how spatial structure is modeled. In particular, when unmeasured con-
founding is driven by latent spatial processes, likelihood-based models for the propensity score
may struggle to adequately capture low-frequency spatial variation without strong modeling
assumptions. Moreover, even when flexible machine learning methods are used to estimate
nuisance functions, weighting estimators based on estimated propensity scores can suffer from
instability and poor finite-sample performance if overlap is limited at relevant spatial scales.
For example, Tec et al. (2023) consider a spatial confounding process in which an IPW estimator
with a spatial GLMM propensity score fails drastically. Similarly, Reich et al. (2021) find spatial
AIPW estimators of the ATE to offer only a moderate reduction in bias compared to alternatives,
such as a hierarchical Bayesian model of the full data generating process.

These considerations motivate an alternative design-based approach that places covariate
balance, rather than propensity score model fit, at the center of confounding adjustment.
Covariate balancing methods seek to directly enforce balance in observed confounders through
a choice of treatment-control weights, bypassing the need to correctly specify a treatment
assignment model (Chattopadhyay et al. 2020, Ben-Michael et al. 2021). In the presence of spatial
confounding, this perspective suggests that obtaining balance of suitably chosen spatial features
— such as spatial basis representations of 𝑈𝑠 — may provide a more direct and transparent
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route to mitigating bias from latent spatial structure than likelihood-based propensity score
modeling. In the next section, we build on this idea by introducing a spatial covariate balancing
propensity score estimator designed to target unmeasured spatial confounding while retaining
the interpretability and diagnostic advantages of design-based inference.

3 Spatial Covariate Balancing Propensity Scores

The success of the IPW methods in Section 2 can be viewed through the lens of covariate balance.
Informally, if the distribution of confounding variables is the same for treatment and control
units, then the average difference in outcomes between the two groups can be attributed to
the treatment. When the propensity score is known, Assumption 2 guarantees that the inverse
propensity weights satisfy a population balance property:

𝐸

[
𝐴𝑠

𝑒(L𝑠)
𝑔(L𝑠)

]
= 𝐸

[
𝑔(L𝑠)

]
and 𝐸

[
1 − 𝐴𝑠

1 − 𝑒(L𝑠)
𝑔(L𝑠)

]
= 𝐸

[
𝑔(L𝑠)

]
, for all bounded 𝑔(·). (6)

In fact, the inverse propensity score weights are the unique weighting function that satisfies (6)
for all bounded functions 𝑔 of the confounders (Ben-Michael et al. 2021). When the propensity
score is estimated as in (5), the law of large numbers suggests that sample-based analogues to
(6) should hold for large 𝑛. However, in practice, covariate balance may be quite poor when the
propensity score is misspecified or the sample size is small; furthermore, the corresponding
weights may be highly variable and produce unstable estimators of the ATE (Kang & Schafer
2007, Chattopadhyay et al. 2020).

This perspective suggests an alternative approach to inference: rather than estimating
a propensity score model via the usual Bernoulli likelihood in (5), we instead estimate the
propensity score under the requirement that certain prespecified covariate balance conditions
are satisfied. With origins in survey sampling (Folsom 1991, Deville & Särndal 1992), these
balancing weight estimators have received considerable interest in causal inference in non-
spatial settings (Hainmueller 2012, Imai & Ratkovic 2014, Zubizarreta 2015, Zhao 2019, Wong
& Chan 2017, Tan 2019, Hazlett 2020, Hirshberg & Wager 2021, Bruns-Smith et al. 2025). In
the spatial confounding setting, this approach leads naturally to a spatial covariate balancing
propensity score (CBPS) which directly targets covariate balance in both the measured and
unmeasured confounders.

3.1 Spatial CBPS via Basis Function Representations of𝑈𝑠

We motivate the spatial CBPS estimator as follows. Under Assumption 3, unmeasured con-
founding arises through a latent spatial process,𝑈𝑠 ≡ 𝑓 (𝑠), that varies smoothly over the spatial
domain 𝒟. While 𝑓 is unknown, we assume it belongs to a class of smooth functions, ℱ , that
can be well approximated by finite-dimensional spatial basis functions (Cressie et al. 2022). Con-
sequently, enforcing balance on a sufficiently rich set of basis functions spanning a subspace of
ℱ yields approximate balance in the latent confounder itself.
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To operationalize this idea, we approximate 𝑓 using a basis function expansion of the form,

𝑓 (𝑠) ≈
𝐾∑
𝑘=1

𝛼𝑘 𝑏𝑘(𝑠), (7)

where {𝑏𝑘(·) : 𝑘 = 1, 2, . . . , 𝐾} denotes a finite basis and {𝛼𝑘 : 𝑘 = 1, 2, . . . , 𝐾} are the corre-
sponding coefficients. Each basis function 𝑏𝑘(·) generates a particular spatially-varying feature
describing some component of the underlying variation in 𝑓 , and 𝑓 is approximated via a linear
combination of these features. The basis functions may be defined by truncations of a count-
able basis, or they may simply be functions thought to be important for representing spatial
variability. The specification of spatial basis functions is a central focus in spatial and envi-
ronmental statistics, and a variety of functions have been proposed, including splines (Wahba
1990), wavelets (Cressie & Johannesson 2008), Wendland functions (Nychka et al. 2015), em-
pirical orthogonal functions (Cressie & Wikle 2011), and finite elements (Lindgren et al. 2011);
see Cressie et al. (2022) for a comprehensive review. In practice, the choice of basis function
specification and rank 𝐾 is often dictated by (i) the spatial support of the data, (ii) prior beliefs
regarding the smoothness of the spatial surface, and (iii) computational considerations.

Given the representation in (7), the task of balancing the unobserved confounder𝑈𝑠 can be
recast as that of balancing the observable spatial basis functions. In particular, enforcing balance
on the individual basis function elements ensures balance of any linear combination of those
basis elements, i.e.,

𝐸

[
𝐴𝑠

𝑒(X𝑠 , 𝑠)
𝑏𝑘(𝑠)

]
= 𝐸

[
𝑏𝑘(𝑠)

]
, for all 𝑘 = 1, . . . , 𝐾 (8)

implies

𝐸

[
𝐴𝑠

𝑒(X𝑠 , 𝑠)
𝑓 (𝑠)

]
= 𝐸

[
𝑓 (𝑠)

]
, for all 𝑓 ∈ span

{
𝑏𝑘(·)

}
. (9)

Thus, if 𝑈𝑠 ∈ span{𝑏𝑘(·) : 𝑘 = 1, . . . , 𝐾}, then empirically balancing the spatial basis functions
implies empirical balance of the latent confounder itself. More generally, when 𝑈𝑠 is only
approximately represented by (7), balancing the basis functions yields approximate balance
in 𝑈𝑠 , with any remaining imbalance governed by the approximation error. In this sense,
the choice of basis and its dimension 𝐾 controls a bias–variance tradeoff: richer bases reduce
residual confounding at the expense of increased variability in the resulting weights. This
perspective parallels sieve and kernel-based approaches to covariate balancing in non-spatial
settings (Zhao 2019, Hazlett 2020, Wong & Chan 2017), but here the balanced function class is
explicitly chosen to reflect spatial structure.

The spatial CBPS estimator can now be defined using a penalized covariate balancing loss
function (Zhao 2019) that places explicit balance constraints on both the observed covariates,
X𝑠 , and the spatial basis functions, b𝑠 = (𝑏1(𝑠), . . . , 𝑏𝐾(𝑠)

)⊺. Define the propensity score model,
𝑒𝑠(θ) ≡ 𝑒(x̃𝑠 ;θ), as

𝑙
(
𝑒𝑠(θ)

)
= x⊺𝑠 β + b⊺

𝑠 α, (10)

where x̃𝑠 = (x⊺𝑠 , b⊺
𝑠 )⊺ collects the observed covariates (or possibly functions of the covariates)

10



and spatial basis functions evaluated at location 𝑠. The parameter vector θ = (β⊺ ,α⊺)⊺
corresponds to the coefficients associated with these components, and 𝑙(·) denotes the logit link
function. Rather than estimating θ using the typical Bernoulli likelihood (5), we instead utilize
a penalized M-estimator,

θ̂𝜆 = arg min
θ∈Θ

{
1
𝑛

∑
𝑠∈𝐷𝑛

𝜌
(
𝑍𝑠 ;θ

)
+ 𝜆𝐽

(
θ
)}
, (11)

where

𝜌
(
𝑍𝑠 ;θ

)
= −

(
log

𝑒𝑠(θ)
1 − 𝑒𝑠(θ)

− 1
𝑒𝑠(θ)

)
𝐴𝑠 −

(
log

1 − 𝑒𝑠(θ)
𝑒𝑠(θ)

− 1
1 − 𝑒𝑠(θ)

)
(1 − 𝐴𝑠) (12)

is a covariate balancing tailored loss function first introduced by Zhao (2019) and 𝐽(θ) is a
regularization function that penalizes model complexity, with tuning parameter 𝜆. For the
remainder of the article, we will consider quadratic penalty terms, 𝐽(θ) = θ⊺Sθ/2, where S is a
positive semi-definite penalty matrix.

The penalized loss in (11) has several desirable properties. First, given the logit link function
in (10) and the quadratic penalty, (11) is strictly convex and second-order differentiable in θ.
Consequently, solving for θ̂𝜆 is computationally efficient: it is straightforward to implement a
Fisher scoring algorithm for computing θ̂𝜆 for any fixed 𝜆 (see Section 1 of the Supplementary
Material for details). Perhaps more importantly, the estimated inverse propensity weights can
be shown to empirically balance the 𝐽 individual elements of X̃𝑠 = (X⊺

𝑠 , b
⊺
𝑠 )⊺. To see this, note

that
𝜕

𝜕𝜃𝑗

[
1
𝑛

∑
𝑠∈𝐷𝑛

𝜌
(
𝑍𝑠 , θ

) ]
=

1
𝑛

∑
𝑠∈𝐷𝑛

(
𝐴𝑠

𝑒𝑠(θ)
− 1 − 𝐴𝑠

1 − 𝑒𝑠(θ)

)
𝑋̃𝑠 𝑗 , 𝑗 = 1, . . . , 𝐽. (13)

As a result, when 𝜆 = 0, the spatial CBPS estimate 𝑒𝑠(θ̂) provides inverse propensity weights
such that the gradient of the loss function is exactly 0 for all features in X̃. In other words, the
weighted empirical distribution of observed features, 𝑋̃𝑠 𝑗 , is identical across exposure levels:

1
𝑛

∑
𝑠∈𝐷𝑛

𝐴𝑠

𝑒𝑠(θ̂)
𝑋̃𝑠 𝑗 =

1
𝑛

∑
𝑠∈𝐷𝑛

1 − 𝐴𝑠
1 − 𝑒𝑠(θ̂)

𝑋̃𝑠 𝑗 , for all 𝑗 = 1, . . . , 𝐽. (14)

Since {𝑏𝑘(·) : 𝑘 = 1, . . . , 𝐾} are included in X̃, (14) implies that the weighted average of the
unmeasured spatial confounder approximated by (7), or indeed any linear combination of
𝑏𝑘(·), is the same across exposure levels. In stark contrast to the (penalized) likelihood-based
approach, estimating 𝑒𝑠 with (11) exchanges the priority of estimating the spatial surface to that
of ensuring that features of the spatial surface are balanced between treatment groups, which
more directly corresponds to the priority of confounding adjustment.

3.2 Bias Decomposition

To further understand the advantage of the spatial CBPS over the likelihood-based alternative,
consider the following bias decomposition of the IPW estimator. Under Assumption 3, suppose
that𝜇𝑠(𝑎, ℓ) = 𝐸

[
𝑌𝑠 |𝐴𝑠 = 𝑎, L𝑠 = ℓ

]
has an additive structure, such that𝜇𝑠(0, ℓ) = 𝑔(x𝑠)+ 𝑓 (𝑠) for
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some square integrable functions 𝑔(·) and 𝑓 (·). Furthermore, assume that the treatment effect
is homogeneous, i.e., 𝜇𝑠(1, ℓ) = 𝜏+𝜇𝑠(0, ℓ), and that𝑌𝑠 = 𝜇𝑠(𝐴𝑠 , L𝑠)+𝜖𝑠 , where 𝐸[𝜖𝑠 |𝐴𝑠 , L𝑠] = 0.
Finally, suppose that 𝜇𝑠(0, ℓ) admits a series expansion, 𝜇𝑠(0, ℓ) =

∑∞
𝑗=1 𝛽 𝑗𝜙 𝑗(x𝑠) +

∑∞
𝑘=1 𝛼𝑘𝑏𝑘(𝑠).

Under this set-up, it is straightforward to show that the IPW estimator (3) has the following
decomposition (Zhao 2019),

𝜏̂𝐼𝑃𝑊 − 𝜏 =

[ ∑
𝐴𝑠=1

𝑤𝑠𝜇(0, L𝑠) −
∑
𝐴𝑠=0

𝑤𝑠𝜇(0, L𝑠)
]

︸                                          ︷︷                                          ︸
imbalance

+
[ ∑
𝐴𝑠=1

𝑤𝑠𝜖𝑠 −
∑
𝐴𝑠=0

𝑤𝑠𝜖𝑠

]
︸                           ︷︷                           ︸

noise

, (15)

where 𝑤𝑠 ≡ 𝑤(𝐴𝑠 ,X𝑠) are the normalized (i.e., Hájek) IPW weights from (3). Note that the
second term in (15) has mean 0, so the bias of 𝜏̂𝐼𝑃𝑊 is completely determined by the imbalance
of 𝜇(0, L𝑠). Due to the series expansion of 𝜇(0, L𝑠), the imbalance term can be equivalently
expressed as

imbalance =

∞∑
𝑗=1

𝛽 𝑗

[ ∑
𝐴𝑠=1

𝑤𝑠𝜙 𝑗(X𝑠) −
∑
𝐴𝑠=0

𝑤𝑠𝜙 𝑗(X𝑠)
]
+

∞∑
𝑘=1

𝛼𝑘

[ ∑
𝐴𝑠=1

𝑤𝑠𝑏𝑘(𝑠) −
∑
𝐴𝑠=0

𝑤𝑠𝑏𝑘(𝑠)
]
. (16)

In other words, the bias of the IPW estimator is governed by how well the inverse propensity
weights balance the functions {𝜙 𝑗(·)}𝑗≥1 and {𝑏𝑘(·)}𝑘≥1 that span the baseline outcome regres-
sion 𝜇(0, L𝑠). This observation clarifies the advantage of the spatial CBPS over likelihood-based
propensity score models: rather than prioritizing accurate prediction of treatment assignment
or precise modeling of the spatial surface — objectives that are only indirectly related to the
performance of the IPW estimator — spatial CBPS directly targets the balance conditions that
determine bias.

In practice, the series expansion of 𝜇(0, L𝑠) must be truncated, and any remaining bias
is driven by imbalance in the truncation remainder. Consequently, the effectiveness of the
spatial CBPS approach depends on how well the chosen feature set X̃𝑠 captures the dominant
components of variation in 𝜇(0, L𝑠). From this perspective, the specification of X̃𝑠 is naturally
guided by features that are predictive of the outcome, rather than by parsimony or goodness-
of-fit considerations for the propensity score model itself.

3.3 Inference Under Spatial Dependence

Because spatially indexed outcomes and exposures are typically correlated over space, stan-
dard variance estimators that assume independent observations can substantially understate
uncertainty for IPW and AIPW estimators. Assuming i.i.d. observations and suitable regular-
ity conditions on the propensity score model, Hirano et al. (2003) show that the IPW estimator
with a likelihood-based sieve propensity score model is consistent and asymptotically normal,
with asymptotic linear expansion

𝜏̂𝐼𝑃𝑊 = 𝜏0 +
1
𝑛

∑
𝑠∈𝐷𝑛

[
𝜓(𝑍𝑠 ; 𝜏0 , 𝑒0) + 𝛼(𝑍𝑠)

]
+ 𝑜𝑝(𝑛−1/2), (17)
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where 𝜏0 and 𝑒0 denote the true ATE and propensity score, 𝜓(·) is the IPW estimating equation,

𝜓(𝑍; 𝜏, 𝑒) = 𝐴𝑌

𝑒(𝑋) −
(1 − 𝐴)𝑌
1 − 𝑒(𝑋) − 𝜏, (18)

and 𝛼(·) is a mean-zero correction term reflecting first-order uncertainty due to replacing the
true propensity score 𝑒0 with its estimate 𝑒. The expansion of 𝜏̂𝐼𝑃𝑊 in (17) implies that its
asymptotic variance, 𝜎2

𝐼𝑃𝑊
, is given by the variance of the corresponding mean-zero influence

function,
𝜎2
𝐼𝑃𝑊 = 𝐸

[ (
𝜓(𝑍; 𝜏0 , 𝑒0) + 𝛼(𝑍)

)2]
. (19)

Hirano et al. (2003) derive an explicit form for (19) and show that 𝜏̂𝐼𝑃𝑊 is semiparametrically
efficient, provided the regularity conditions for their sieve propensity score estimator are met.

When the propensity score is estimated with the CBPS loss, these asymptotic results still
hold (Zhao 2019), albeit with a slightly modified correction term in (17). Using the spatial
CBPS with the linear-logistic propensity score model from (10) and assuming appropriate rate
conditions on the basis dimension 𝐾 and tuning parameter 𝜆 (outlined in Section 2 of the
Supplementary Material), the correction term is given as

𝛼(𝑍) = −M⊺ A−1 𝑠θ(𝑍;θ0), (20)

where 𝑠θ(𝑍;θ) is the score of the spatial CBPS objective function in (11),

𝑠θ(𝑍;θ) = 𝜕θ 𝜌(𝑍;θ), (21)

A is the corresponding Hessian,
A = 𝐸

[
𝜕θ 𝑠θ(𝑍;θ0)

]
, (22)

and M is the derivative of the IPW estimating equation with respect to nuisance parameters θ,

M = 𝐸
[
𝜕θ 𝜓(𝑍; 𝜏0 , 𝑒𝜽)

]
θ=θ0

. (23)

Note that 𝜕θ := 𝜕
𝜕θ⊺ and θ0 denotes the true parameter. The exact expressions for 𝑠θ(𝑍;θ), A,

and M for the spatial CBPS estimator are given in the Section 2 of the Supplementary Material.
The asymptotic arguments of Hirano et al. (2003) suggest a simple approach to variance

estimation in the i.i.d. setting: because the influence function contributions are uncorrelated
across units, the asymptotic variance reduces to the variance of a single observation, which
may be consistently estimated using a plug-in estimator of (19) based on empirical analogues of
(22) and (23) (Lunceford & Davidian 2004). In spatial settings, however, the independence as-
sumption underlying (19) is typically violated. Even after conditioning on observed covariates
and spatial basis functions, nearby observations may remain correlated due to residual spatial
structure in outcomes, exposures, or covariates. As a result, the asymptotic variance of 𝜏̂𝐼𝑃𝑊 is
no longer characterized by the variance of a single influence function contribution, but instead
by a long-run variance that aggregates spatial covariances across locations. Formally, if 𝜏̂𝐼𝑃𝑊
admits an asymptotically linear representation of the form (17) under weak spatial dependence
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(Cohn 2024), then its asymptotic variance can be written as

𝜎̃2
𝐼𝑃𝑊 = lim

𝑛→∞
1
𝑛

Var

( ∑
𝑠∈𝐷𝑛

[
𝜓(𝑍𝑠 ; 𝜏0 , 𝑒0) + 𝛼(𝑍𝑠)

] )
, (24)

which reduces to (19) only in the absence of spatial dependence.
To circumvent this issue, note that under an increasing domain asymptotic regime (Jenish

& Prucha 2009) and with an appropriate characterization of weak dependence (Cohn 2024), re-
gions of space that are sufficiently far apart from one another may be considered approximately
independent. This motivates a spatial analogue to the plug-in variance estimator from the inde-
pendent data setting. In particular, we utilize a spatial heteroskedasticity and autocovariance
(HAC) variance estimator (Conley 1999, Kelejian & Prucha 2007),

𝜎̂2
HAC =

1
𝑛

∑
𝑠∈𝐷𝑛

∑
𝑠′∈𝐷𝑛

𝐾

(
∥𝑠 − 𝑠′∥2

ℎ

)
𝜙̂𝑠 𝜙̂𝑠′ , (25)

where 𝜙̂𝑠 = 𝜓(𝑍𝑠 ; 𝜏̂, 𝑒) + 𝛼̂(𝑍𝑠) is the empirical influence function evaluated at location 𝑠 and
𝐾(·) denotes a bounded, symmetric kernel function with compact support, such as the Bartlett
or uniform kernel, with bandwidth parameter ℎ. The spatial HAC estimator can be viewed
as a spatially-smoothed plug-in variance estimator, with covariance contributions favoring
observations that are close in spatial proximity. The bandwidth parameter, ℎ, should be large
enough that observations located outside the bandwidth window are considered effectively
independent. In practice, we suggest selecting ℎ using an empirical semivariogram estimated
from the influence function residuals, 𝜉̂𝑠 = 𝜙̂𝑠 − ¯̂𝜙, as a data-driven heuristic to determine an
optimal range for which residual spatial correlation is no longer significantly different than zero
(Lambert et al. 2008). Alternatively, a spatial block bootstrap variance estimator may be used,
in which bootstrap resamples are constructed by stitching together spatial blocks drawn from
the observed sampling region (Lahiri 2003). This approach preserves local spatial dependence
while approximating independence across sufficiently separated blocks. In practice, selecting
the block size can be difficult; we use the nonparametric plug-in (NPI) method of Nordman
et al. (2007).

Although the block bootstrap estimator may offer some benefits in finite samples, in practice
it is much more computationally intensive than the HAC estimator. Empirically, we find the two
estimators to behave similarly, each achieving nominal coverage in simulated data settings with
moderate sample sizes (Section 4). Consequently, we recommend the HAC variance estimator
be used in most settings, with the block bootstrap serving as a possible robustness check.

The arguments above extend directly to AIPW and other doubly robust estimators that
admit an asymptotically linear representation. Under weak spatial dependence and suitable
rate conditions on the nuisance functions, the AIPW estimator is asymptotically normal with a
long-run variance determined by the spatial covariance structure of its influence function (Cohn
2024). Valid inference may therefore be obtained by replacing the IPW influence function in the
spatial HAC estimator with the corresponding AIPW influence function. Additional details on
the asymptotic regime, regularity conditions, and implementation of the variance estimators
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are provided in the Supplementary Material.

3.4 Practical Implementation: Spatial Basis Specification and Regularization

We provide a user-friendly R package, spbalance, that implements the spatial CBPS and infer-
ence procedures outlined in Sections 3.1 and 3.3. The package includes three implementations
of the penalized spatial CBPS estimator in (11):

1. Thin-plate regression splines (TPRS). The latent spatial confounder, 𝑓 (𝑠), is represented
using thin-plate regression splines (Wood 2003), i.e., low-rank, isotropic basis functions
that avoids knot placement and controls smoothness via a quadratic penalty that regular-
izes rapidly varying spatial components while leaving low-frequency, smoothly varying
components relatively unpenalized.

2. Multiresolution Wendland basis (MRW). The latent spatial confounder, 𝑓 (𝑠), is modeled
as an additive sum of spatial functions, i.e., 𝑓 (𝑠) = ∑

𝑗 𝑓𝑗(𝑠), where each 𝑓𝑗(𝑠) is represented
in turn as a linear combination of compact, two-dimensional Wendland basis functions
centered at knots organized on regular grids of increasing resolution; consequently, each
component function 𝑓𝑗(·) corresponds to a different scale of spatial confounding. At
each resolution, coefficients are regularized using a sparse quadratic penalty analogous
to a Markov random field prior on the knot lattice, enforcing local smoothness while
progressively shrinking fine-scale spatial variation (Nychka et al. 2015).

3. Random Fourier features (RFF). The latent spatial confounder, 𝑓 (𝑠), is modeled using
random Fourier features (Rahimi & Recht 2007), yielding a finite-dimensional approxi-
mation to a reproducing kernel Hilbert space (RKHS) associated with a shift-invariant
kernel (e.g., exponential or squared exponential). This approach captures spatial con-
founding through global, nonlocal basis functions operating in the frequency domain.
Regularization is imposed via a ridge penalty on the Fourier coefficients, which controls
smoothness and stabilizes the resulting CBPS weights.

In addition, the spatial CBPS implementation allows for the specification of an arbitrary basis
function and penalty matrix, so that practitioners can tailor the basis function representation to
specific applications of interest. Furthermore, the HAC and block bootstrap variance estimates
from Section 3.3 can be found for either IPW or AIPW estimates of the ATE.

The specification of the tuning parameter 𝜆 is an important determinant in the success of
the spatial CBPS method. In theory, the asymptotic results for the IPW estimator requires the
propensity score model to be undersmoothed, reflecting similar findings from the semipara-
metric regression literature (Rice 1986). In practice, data driven tuning parameter selection is
preferred. Optimal tuning parameter selection for balancing weights remains an open prob-
lem (Zhao 2019), and suggested approaches include cross-validation as well as user-specified
tolerances which restrict the allowable total coefficient of variation in the estimated weights
(Ben-Michael et al. 2021). The Supplementary Material (Section 3) outlines several approaches
for choosing 𝜆 that we have implemented in spbalance. We find that Zhao (2019)’s suggestion
of choosing the largest 𝜆 such that the coefficient of variation of its associated weights is greater
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than 0.9 times the largest coefficient of variation in the regularization path, has performed well
empirically.

4 Simulation Study

We conduct a simulation study to compare the performance of spatial CBPS IPW and AIPW
estimators against several alternatives in settings with unmeasured spatial confounding. We
evaluate methods using the mean squared error (MSE) of the ATE estimates and, when ap-
propriate, compare covariate balance of observed and latent confounders for the different
weighting estimators.

4.1 Study Design

We replicate the data generating procedure outlined in Tec et al. (2023), in which (i) two
spatially-varying covariates, X𝑠 , are generated from a Gaussian process (GP) with a squared
exponential covariance function on a dense 100 × 100 grid, (ii) an unobserved spatial function,
𝑓 (𝑠), is defined (via a convolution process) as a nonlocal function of the observed covariates X𝑠 ;
(iii) the binary exposure, 𝐴𝑠 , is generated with the probability of treatment defined via a linear-
logit model with additive terms involving X𝑠 and 𝑓 (𝑠), and (iv) the outcome, 𝑌𝑠 , is defined
as the linear combination of 𝑓 (𝑠), X𝑠 , 𝐴𝑠 , and a spatially dependent error term. Notably, it is
assumed that 𝑓 (𝑠) is unobserved; thus,𝑈𝑠 = 𝑓 (𝑠) is an unmeasured confounder.

We ultimately consider four data generating procedures, with only minor changes to the
general procedure outlined above. First, the convolution generating 𝑓 (𝑠) has two forms, one
in which 𝑓 (𝑠) is a linear transformation of X𝑠 (the linear set-up) and another where X𝑠 is
passed through a nonlinear transformation before convolution (the nonlinear set-up). Second,
we consider the case where data on the entire 100 × 100 grid is observed (the dense set-up) as
well as the case where only 1000 randomly selected observations are retained from the grid
(the sparse set-up). Consequently, the four data generating procedures include settings with
linear-dense, linear-sparse, nonlinear-dense, and nonlinear-sparse observations. The complete
details of each data generating procedure (along with figures showing representative simulated
data) are outlined in Section 4 of the Supplementary Material.

For each set of simulated data, we compare the performance of six ATE estimators: three
IPW estimators and three outcome regression/AIPW estimators. The IPW estimators differ
in how the propensity score is estimated, including (i) a logistic regression model that only
includes the observed covariates, X𝑠 , in the linear predictor — we denote this as glm(no sp));
(ii) a generalized additive model in which the propensity score is modeled as in (5), with 𝑓 (𝑠)
modeled using thin plate regression splines (TPRS) — we refer to this as gam; and (iii) the
spatial CBPS estimator with the latent confounder represented with TPRS — we refer to this as
bal. The outcome and AIPW estimators include (iv) an outcome regression model with fixed
effects consisting of 𝐴𝑠 and X𝑠 and a TPRS spatial effect term (outcome); (v) an AIPW estimator
using the previously described GAM propensity score model from (ii) and the outcome model
from (iv) — we refer to this as gam(DR); and finally (vi) an AIPW estimator with spatial CPBS
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from (iii) and outcome regression from (iv), which we call bal(DR). Normalized (i.e., Hajek)
weights were used for all weighting estimators.

The GAM models were fitted using the mgcv package from R (Wood 2000) with spline basis
dimension 𝐾 = 500, while the spatial CBPS models were fitted as described in Section 3 with the
same basis dimension (𝐾 = 500). Additional estimators were considered, including propensity
score and outcome regression models that included spatial random effects, however the results
were not sufficiently different from the spline estimators to warrant inclusion.

Figure 2: The performance of IPW (shown in blue) and outcome regression/AIPW es-
timators (shown in orange) of the ATE (dashed-line representing the true value of 0.1)
in four settings: (a) observations generated on a 100 × 100 (dense) grid using the linear
simulation set-up; (b) observations generated via 1000 randomly selected points (sparse)
using the linear set-up; (c) dense grid with nonlinear set-up; and (d) sparse points with
nonlinear set-up. Estimators that utilize spatial CBPS are indicated with a darker shad-
ing. The box plots summarize ATE estimates from 1000 simulations. See the main text
for a description of the six estimators.

Table 1: Mean squared error for the six estimators and four data generating regimes;
the lowest MSE for each set-up is shown in bold.

Estimator

Set-Up glm(no sp) gam bal outcome gam(DR) bal(DR)

linear, dense 0.3382 0.0174 0.0003 0.0006 0.0004 0.0002
linear, sparse 0.3400 0.1517 0.0416 0.0127 0.0102 0.0053
nonlinear, dense 0.3482 0.0285 0.0038 0.0046 0.0040 0.0038
nonlinear, sparse 0.3504 0.1876 0.0471 0.0226 0.0196 0.0065
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4.2 Empirical Results

The performance of the six estimators on 1000 simulated data sets is summarized in Figure 2,
with corresponding MSE shown in Table 1. The IPW estimator with naive (i.e., non-spatial)
propensity score model is universally the worst of the six, exhibiting strong bias in every data
generating and sampling scenario. Similarly, the IPW estimator that utilizes the likelihood-
based spatial propensity score (gam) has considerably worse MSE compared to the other spatial
confounding adjustment procedures. In contrast, the spatial CBPS IPW estimator (bal) is
competitive with the outcome regression and AIPW estimators in the dense sampling regimes,
with only slightly worse MSE than the best estimator (e.g., 0.0003 vs. 0.0002 in the linear
and dense set-up). The spatial CBPS estimator is not as competitive relative to the outcome
regression and AIPW estimators in the sparse sampling regimes, although it continues to
outperform the likelihood-based IPW estimator. Similarly, the spatial CBPS AIPW estimator
exhibits the lowest MSE in every data generating scenario, with considerable advantages in the
sparse sampling regimes (Figures 2(b) and (d)), where there is not enough data for the outcome
regression model to adequately capture the variability due to the latent spatial confounder.

Figure 3: Distributions of weighted standardized mean differences (SMD) of the latent
spatial confounder, 𝑈𝑠 , when using IPW weights with a spatial CBPS vs. spatial GAM
propensity score for the (a) dense and (b) sparse sampling regimes. Distributions are
SMD across 100 simulation replicates.

To further understand the performance benefits of the spatial CBPS estimators compared to
their likelihood-based counterparts, we compare the weighted standardized mean difference
(SMD, see Austin 2009, for details) of the true unmeasured spatial confounder, 𝑈𝑠 , across 100
simulations. In practice, we would never be able to assess covariate balance diagnostics with
respect to the unobserved 𝑈𝑠 , but in our simulation setting this comparison is illustrative of
the advantages offered by the spatial CBPS estimator. The sample distribution of the weighted
SMD is shown in Figure 3 for the linear data generating process with (a) dense and (b) sparse
sampling regimes. In both cases, the spatial CBPS weights result in lower weighted SMDs
on average; the advantage is especially pronounced in the dense data setting. As a rule of
thumb, practitioners are often satisfied if weighted SMDs are below 0.1 (Austin 2009). This is
satisfied by the spatial CBPS weights every time in the dense data setting, while the spatial
GAM weights never reach this threshold. Both methods exhibit larger variance in the sparse
data setting, although the spatial CBPS weights result in SMDs below a 0.2 cutoff 33 percent of
the time, compared with 8 percent for the spatial GAM method.
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5 Estimating the Effect of CAFO Proximity on Well Water Quality in
Iowa

Beginning in the 1990s, Iowa has experienced a rapid increase in large-scale intensive livestock
production, commonly referred to as animal feeding operations or concentrated animal feeding
operations (AFOs/CAFOs). The increase in CAFOs has been primarily driven by hog produc-
tion — in 2002, the state produced 14 million hogs (Herriges et al. 2005); by 2023, the total
was 25 million (USDA 2024). In recent years a growing literature has highlighted the negative
impacts of CAFOs on the environment and human health, with animal waste and emissions
originating from CAFOs being linked with poor air, water, and soil quality and increased risk
of respiratory disease, infection, and waterborne disease (Son et al. 2024).

The impact of CAFOs on human health can be especially pronounced when animal waste
contaminates water sources. Livestock manure has been identified as a primary driver of in-
creased nitrate levels in Iowa surface waters (Jones et al. 2019). Perhaps more concerning is
the possibility that animal waste can also affect groundwater quality. Injection of liquid swine
manure into soils has become more common with the increase in CAFOs, and proximity to
CAFOs has been shown to be an important predictor of nitrate concentrations in private wells
in Iowa (Wheeler et al. 2015). These results suggest that CAFO proximity may be a public
health risk due to possible impacts on drinking water quality, as elevated nitrate concentra-
tions in drinking water are associated with several adverse health outcomes, including infant
methemoglobinemia, colorectal cancer, thyroid disease, and neural tube defects (Ward et al.
2018). Consequently, estimating the average causal effect of CAFO proximity on total nitrate
levels in private well water in Iowa remains a pressing challenge, as the complex spatial con-
founding processes dictating where CAFOs operate and groundwater quality can be hard to
fully quantify.

We collected Iowa private well water data from the Iowa Private Well Forecasting System
(Iowa DNR 2025b). The data consist of measurements of max total nitrate (mg/L) taken
from 14893 private wells, tested between 2020–2022 in Iowa. Figure 1(b) shows the spatial
distribution of the tested wells as well as their corresponding outcomes. Note that increased
risk of adverse health outcomes has been associated with nitrate levels of 5.0 mg/L or higher
(Ward et al. 2018).

CAFO data were obtained from the Iowa DNR (Iowa DNR 2025a) They include all active
feeding operations with 300 animal units (AUs) or greater, which represents a lower bound for
regulatory action on CAFOs. The data are from 2023 (earlier years were unavailable), however,
farm locations are quite stable from year to year, suggesting that the data are likely a reasonable
proxy for CAFO exposure from 2020–2022. We define treatment 𝐴𝑠 to be 1 if there exists a
CAFO operating within 3 km of a private well, and 0 otherwise; approximately 28% of the
tested wells are classified as exposed. Figure 1(a) displays the CAFO exposures, which are
most concentrated in the central and northern portions of the state.

In addition to the exposure and outcome data, potential confounders were compiled from
various sources. These include elevation, whether the well is located in regions with carbonate
bedrock or within 1000 feet of a sinkhole, climate variables such as 30-year annual average
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precipitation, max and min temperature, and maximum vapor pressure deficit, demographic
variables such as census block-level population density, proportion white, and proportion
with high school education, well depth, and land cover use summaries, such as proportion
developed land and proportion cropland within 100 m and 5 km of the well. A complete list of
all confounders and data sources can be found in the Supplementary Material.

Figure 4: Effect estimates and 95% CIs for CAFO proximity (within 3 km) on max total
nitrate concentration (mg/L) of Iowa private well water during 2020–2022, using the naive
difference-in-means estimator, the non-spatial GLM, spatial GAM, and spatial CBPS IPW
(shown in blue) estimators, and the spatial CBPS AIPW estimator (shown in orange).

5.1 Results

We estimated the effect of CAFO proximity on private well water total nitrate level using five
methods. First, a naive difference in mean outcome between exposed and unexposed wells
is included as a baseline comparison (Figure 4). We see that the naively estimated average
effect of CAFO exposure on max nitrate is −0.47, with 95% confidence interval (−0.87,−0.07).
In other words, without any confounding adjustment the data suggest that CAFO proximity
actually reduces total nitrate levels by -0.47 mg/L. This result is counterintuitive, as there is no
reason to believe that CAFOs would result in cleaner water, serving as a strong indication that
confounding adjustment is needed.

Consequently, we also consider three IPW estimators: one where the propensity score
is estimated using a logistic regression with only the observed data as predictors (hereafter,
‘GLM‘), another that uses the spatial GAM model given in (5), with spatial effect modeled with
TPRS (denoted as ‘GAM‘) and with a ridge penalty on the first-order fixed effect terms, and
finally a spatial CBPS IPW estimator with TPRS spatial basis functions to model any latent
spatial confounding and a ridge penalty for the observed covariates. Finally, we include a
spatial CBPS AIPW estimator, where the regression model contains all first-order covariates as
fixed effects plus an additive spatial effect term, which is modeled using TPRS.

The results from the analysis are shown in Figure 4. Compared to the naive difference-in-
means estimator, all confounding adjustment methods result in effect estimates that are closer
to zero; in fact, none of the confounding adjustment estimates are significantly different than
zero (using a 95% significance level). Qualitatively, we see very little difference between the
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GLM and spatial GAM point estimates (𝜏̂𝐺𝐿𝑀 = −0.08 vs 𝜏̂𝐺𝐴𝑀 = −0.10), suggesting that the
addition of the spatial effect to the propensity score did little to adjust any unmeasured spatial
confounding. In contrast, the spatial CBPS estimators (IPW, shown in blue; and AIPW, shown in
orange) result in point estimates greater than zero (𝜏̂𝐼𝑃𝑊 = 0.20 and 𝜏̂𝐴𝐼𝑃𝑊 = 0.15, respectively).
Consequently, although we do not have statistically significant evidence to suggest that the
presence of a CAFO within 3 km of a well results in an increase in total nitrate, we have some
indication that adjusting for unmeasured spatial confounding is an important consideration
when estimating causal effects in this setting. Sensitivity checks on these results, including
covariate balance and overlap diagnostics, are included in the Supplementary Material.

6 Discussion

Unobserved confounding is a persistent threat when analyzing observational environmental
data, however, in some settings it may be reasonable to use spatial proximity to adjust for pos-
sible latent spatial confounding. While the vast majority of such methods focus on regression
adjustment strategies, we argue that design-based perspectives for confounding adjustment
remain underutilized in the spatial confounding setting. We demonstrate that modern bal-
ancing weight estimators may be particularly useful in such settings, and we propose spatial
CBPS to construct weights that directly target balance of a spatial basis function representation
of the latent confounder. Low rank basis function representations can be used to facilitate fast
computation for point-referenced and areal spatial data, and we use a computationally efficient
spatial HAC variance estimator for inference. An accompanying R package (spbalance) im-
plements spatial CBPS for use with IPW and AIPW estimators, and includes options for HAC
and block bootstrap variance estimation. The package includes three common basis function
representations of spatial processes (thin plate regression splines, multiresolution Wendland
bases, and random Fourier features) and is designed to flexibly accommodate user-specified
inputs.

From a practical standpoint, the spatial CBPS approach is most appropriate in settings where
unmeasured confounding is plausibly dominated by smooth, low-frequency spatial processes.
In such cases, the choice of spatial basis and degree of regularization plays a role analogous to
bandwidth selection in nonparametric regression: too little smoothing may result in residual
confounding, while overly rich representations can induce unstable weights. Importantly,
these trade-offs can be assessed empirically through balance diagnostics on the estimated
spatial features themselves and through sensitivity of estimates across basis specifications. In
contrast, spatial CBPS is likely to perform poorly in settings where confounding varies at very
fine spatial scales, as specifying appropriate basis function representations of such processes
is challenging (Nychka et al. 2015).

The analysis of Iowa groundwater quality illustrates several of these considerations in
practice. In this setting, both CAFO location and groundwater nitrate concentrations are
shaped by complex, spatially structured processes that are difficult to fully observe, making
unmeasured spatial confounding a primary concern. The naive and likelihood-based spatial
propensity score estimators produced effect estimates that were qualitatively similar despite
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incorporating spatial structure, suggesting limited confounding adjustment at the relevant
spatial scales. In contrast, the spatial CBPS estimators yielded substantively different point
estimates, reflecting improved balance in spatial features that might plausibly approximate
the latent confounding process. Although uncertainty remains substantial and the estimated
effects are not significantly different from zero, the analysis highlights how explicitly targeting
spatial balance can meaningfully alter causal conclusions in environmental health applications
where standard approaches may inadequately address spatial confounding.

At the same time, this application also underscores that the benefits of spatial CBPS arise
from specific modeling and computational choices, and that alternative formulations of bal-
ancing weights may be attractive in other settings. For example, the bias decomposition in
Section 3.2 assumes a homogeneous treatment effect, which may be hard to justify in some
settings. Balancing weights for ATE estimation with heterogeneous treatments can be obtained
through a slight modification of (11), in which two sets of balancing weights are separately
estimated — one set of weights for the treatment units, such that the weighted average of treat-
ment unit covariates equals the empirical average of covariates from the entire sample, and
another set of weights that does the same thing for control (Tan 2019). In theory, this approach
can be implemented in our spatial CBPS set-up, although we expect a bias-variance tradeoff
due to the increased variability in the weights. This remains an avenue of future work.

The spatial CBPS objective in (11) was chosen, in part, due to computational convenience:
the regularized loss function is strictly convex and allows us to easily implement a Fisher scoring
algorithm that is fast even in settings with moderate-to-large spatial data sets. However, the
CBPS objective has received some criticism (Wong & Chan 2017, Ben-Michael et al. 2021), as
it still requires construction of the weights through a (logistic) propensity score model that
may prove arbitrarily restrictive in practice. An alternative perspective for balancing weights
instead specifies an optimization problem that directly estimates weights w = (𝑤1 , . . . , 𝑤𝑛)⊺,
subject to constraints on weight variability (Zubizarreta 2015, Wong & Chan 2017). The utility
of this method for spatial data remains unexplored, although implementation of kernel-based
weight estimators in non-spatial settings (Wong & Chan 2017, Hazlett 2020) indicates that it
may be a promising direction for future research.

Finally, we note that the proposed spatial CBPS method is at present limited to settings with
binary exposures at a single time-point. Extensions of balancing weight estimators to settings
with time-varying (Imai & Ratkovic 2015) and continuous treatments (Fong et al. 2018) have
been considered in non-spatial settings, and the results of this paper suggest that adapting
them to the spatial confounding setting may offer benefits over alternative approaches to
confounding adjustment (Gilbert et al. 2024, Dupont et al. 2025). Furthermore, in many spatial
settings we may expect treatment effects to “spillover“ across space, violating the no interference
component of SUTVA (Reich et al. 2021). Estimating causal effects in such settings is challenging
(Wikle & Zigler 2024), and to date, existing approaches have ignored the possibility of spatial
confounding. Adapting the spatial CBPS procedure to settings with spatial interference remains
an inviting challenge.
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